OPTIMAL SYMPLECTIC CONNECTIONS AND DEFORMATIONS OF
HOLOMORPHIC SUBMERSIONS
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ABSTRACT. We give a general construction of extremal Kéahler metrics on the total space of
certain holomorphic submersions, extending results of Dervan-Sektnan, Fine, and Hong. We
consider submersions whose fibres admit a degeneration to Kéhler manifolds with constant
scalar curvature, in a way that is compatible with the fibration structure. Thus we allow fibres
that are K-semistable, rather than K-polystable; this is crucial to moduli theory. On these
fibrations we phrase a partial differential equation whose solutions, called optimal symplectic
connections, represent a canonical choice of a relatively Kéahler metric. We expect this to
be the most general construction of a canonical relatively Kahler metric provided all input
is smooth. We use the notion of an optimal symplectic connection and the geometry related
to it to construct Kéhler metrics with constant scalar curvature and extremal metrics on the
total space, in adiabatic classes.

1. INTRODUCTION

Let 7 : (X, H) — (B, L) be a holomorphic submersion of a relatively polarised compact Kéahler
manifold onto a compact Kéhler base. We address the problem of finding conditions under which
the total space X admits an extremal metric in the adiabatic classes

c1(H)+ ke (L) for k> 0.

In general, one expects that such conditions reflect the geometry of the fibres and the geometry
of the base, taking into account possible automorphisms and moduli of the fibres. When all the
fibres of m admit a constant scalar curvature Kahler (cscK) metric, the problem was solved by
Dervan and Sektnan in [6], building on previous results by Hong [22] and Fine [14] in more special
situations. Here we extend their result to more general fibrations, whose fibres are K-semistable
analytic deformations of cscK fibres. We expect ours to be the most general situation where it
is possible to construct extremal metrics in an adiabatic limit, provided all data considered is
smooth. In particular, the condition we phrase on the fibration, called the optimal symplectic
connection condition, should mirror the Hermite-Einstein condition for vector bundles, and lead
to the construction of a moduli space of holomorphic submersions and to a link with an algebro-
geometric notion of stability.

The easiest and most instructive case to understand the ingredients involved is indeed the
construction of constant scalar curvature Kéhler metrics on the total space of projectivised vector
bundles, studied by Hong in [22]. Let £ — (B, L) be a holomorphic simple vector bundle, endowed
with a Hermitian metric h. Let P(£) — B be its projectivisation, obtained by taking over each
b € B the projective space P(&,). Then h induces a Hermitian structure A¥ on the hyperplane
bundle Opg(1); the curvature form Fj,v is such that wy := iFjv restricts to the Fubini-Study
metric on each fibre of P(E), which is cscK (in fact Kéhler-Einstein).

If the Hermitian metric h satisfies the Hermite-Einstein condition

Aoy Fly = AL
1
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then it is uniquely determined by the equation, which implies that there is a canonical choice
of the Fubini-Study metric on the fibres of P(€) — B. This choice allowed Hong to construct
constant scalar curvature Kéhler metrics on P(£) in each adiabatic class Opg)(1) + kL for all
k> 0.

Optimal symplectic connections. In the more general case of a polarised fibration with cscK
fibres, 7 : (X, H) — (B, L), Dervan and Sektnan introduced in [6] a condition analogous to the
Hermite-Einstein condition for projectivised vector bundles: the optimal symplectic connection
condition. Let wx € ¢1(H) be a relative symplectic form on X which restricts to a Kéhler metric
on each fibre. Such a 2-form is called a symplectic connection in the language of symplectic
fibrations because it determines a splitting of the tangent bundle of X into a vertical and a
horizontal part

TX =V oHY,

where H“X is defined using orthogonality with respect to wx. If one assumes that the fibres have
a cscK metric, then these metrics can be used to construct a relatively cscK metric wx on X, but
such an wx is not unique if the fibres have non-trivial automorphisms. An optimal symplectic
connection is then a preferred choice of wy, defined in terms of a solution to a second-order
elliptic PDE on the real vector bundle £ — B of relatively cscK metrics. This choice allows one
to consider a canonical relatively cscK metric on the fibres.

In this work we extend further their result to the following setting. Let (Y, Hy) — B be a
holomorphic submersion and assume that the fibres are analytically K-semistable manifolds, i.e.
they each admit a degeneration to a cscK manifold. We assume also that these degenerations
vary holomorphically in B, so that we have a degeneration (X,H) — B x S of (Y, Hy) — B to
a fibrewise cscK fibration (X, H) — B parametrised by S C C, with a C*-action on B X S which
lifts equivariantly to (X', ). Using a relative version of Ehresmann’s theorem (Proposition 4.6)
we take the perspective of varying the complex structure of the underlying symplectic fibration,
from a relatively cscK complex structure Jy to small compatible deformations Js; which keep
7 holomorphic. We also assume that the complex structure Jp of the base is fixed, so the
deformations we consider are just vertical.

Thus we can start by focusing on a single fibre, for which we rely on the deformation theory of
cscK manifolds developed by Székelyhidi [35] and Brénnle [1], based in turn on the moment map
interpretation of scalar curvature introduced by Fujiki [17] and Donaldson [11]. More precisely,
let (M,w,Jp) be a cscK manifold and let # be the infinite-dimensional complex manifold of
(almost) complex structures on M which are compatible with wy. The scalar curvature map

J s Scal(w, J) — S

is an infinite-dimensional moment map for the pull-back action of the group ¢ of Hamiltonian
symplectomorphisms on _#. In [35], Székelyhidi proves an analogue of Luna’s slice theorem for
the action ¢4 ~ _#Z: he considers the Kuranishi space V' of compatible (almost) complex struc-
tures close to Jy, which is an open ball in a finite-dimensional vector space and it parametrises
the complexified orbits of ¢ via an embedding ® : V' — _#. He proves that, in a neighborhood
of the K-polystable point Jy, the scalar curvature can be reduced to a finite-dimensional moment
map for the action of K = Stabg(Jy) on V. Its second derivative is the moment map for the
linearised action of K on ToV

v: TV — L. (1.1)
Going back to the fibration setting, for each b € B the Lie algebra , can be identified with the

fibre Ej, of the vector bundle of fibrewise cscK metrics. Since the deformations we are considering
are vertical, in (3.7) we define a smooth section v of E — B which on each fibre is the map
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(1.1), which therefore encodes the deformation of the complex structure. We say that wx is an
optimal symplectic connection on (Y, Hy ) if

N A
PE(Ay(Awy (M™Fy)) + Awp ) + 5V =0

In this expression Fj and py are curvature quantities which depend on wx and Jy, pg is the
projection onto the global sections of the vector bundle E — B computed with respect to Jy, and
A > 0 is a constant. The vanishing of the first term is the condition for an optimal symplectic
connection in the sense of [6], i.e. where all the fibres are cscK, so our notion generalises their
notion. This seems to be the first geometric PDE in complex geometry which involves both
curvature quantities and the change in complex structure.

We expect optimal symplectic connections to be unique, as happens in the relatively cscK
case [9, 20], up to the action of a suitable subset of the automorphisms of ¥ which preserves the
projection my. In this way, one can genuinely call an optimal symplectic connection a canonical
choice of a relatively Kéhler metric on a relatively K-semistable fibration.

Extremal metrics on the total space of holomorphic submersions. We make use of
optimal symplectic connections to prove the existence of cscK and extremal metrics on the total
space Y. In order to choose an appropriate metric on the base manifold, we will need some
moduli theory (developed in [18, 5]). Let M be the moduli space of cscK manifolds and let
q: B — M be the moduli map induced by the central family (X, H) — B, which fibres are cscK.
M can be endowed with a Weil-Petersson Kahler metric, and we denote by ayw p the pull-back
of it via ¢. This is a smooth semi-positive (1, 1)-form on B.

We first consider the case where the group of automorphisms of (Y, Hy) and of (B, L) (or
rather of the map ¢) are discrete. Thus we require that the base admits a twisted cscK metric
with twisting form aywy p:

Scal(wp) — Auzawp = c.

Theorem 1.1. Let wx be an optimal symplectic connection and wg be a twisted cscK metric
with twisting awp. Then there exists a constant scalar curvature Kdhler metric on Y in the
class ¢1(Hy) + kei (L) for all k> 0.

If we allow the moduli map ¢ of the central fibration and the total space (Y, Hy) to have
automorphisms, the adiabatic limit method produces extremal metrics on the total space. In
this case, we have to modify our hypothesis on wx and wg as follows: we require that wg is
twisted extremal, i.e.

Scal(wp) — Auzawp
is a holomorphy potential on B and that wx is an extremal symplectic connection, i.e.

X A
pE(AV(AwB (m F’H)) + AwBPH) + 51/

is a holomorphy potential on Y. We also need some technical assumptions which we will explain
in Section 5.5: the group of automorphisms of 7y acts equivariantly on the family X — B x S
and wy is invariant under the flow of the extremal vector fields.

Theorem 1.2. Suppose that (B, L) admits a twisted extremal metric wg and (Y, Hy) admits an
extremal symplectic connection wx. Suppose also that all automorphisms of the moduli map q
lift to (Y, Hy). Then there exists an extremal metric on'Y in the class ¢1(Hy ) + key (L) for all
k> 0.

Our result generalises previous works by many authors which consider more special situa-
tions: we already mentioned Hong’s paper [22] about cscK metrics on the projectivisation of
holomorphic vector bundles, in the case of discrete group of automorphism. When the fibres
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admit moduli, Fine [14] proved the existence of cscK metrics on the total space of a fibration
where all the fibres and the base are Riemann surfaces of genus g > 2. In this case, the choice
of a relatively K&hler metric on the total space falls naturally on the hyperbolic metric, and
the optimal symplectic connection condition is vacuous. Again on the projectivisation of vector
bundles, Bronnle [2] proved the existence of extremal metrics in the presence of automorphisms.
In both the cases of projectivised vector bundles, the relevant condition to require in order to
produce such special metrics is the Hermite-Einstein condition on the corresponding vector bun-
dle. Tt has been proved by Dervan-Sektnan [6] that the optimal symplectic connection condition
reduces to the Hermite-Einstein condition on projectivised vector bundles, thus being a genuine
generalisation. Moreover, they prove Theorems 1.1 and 1.2 in the case of a relatively cscK fi-
bration. Our notion of an optimal symplectic connection on a relatively K-semistable fibration
should be the most general condition to ask in order to produce cscK or extremal metrics with
an adiabatic limit technique, provided all data is smooth and the aforementioned hypotheses on
the lifting of the automorphism groups hold.

The proof of the theorems is carried out using the adiabatic limit technique, a strategy which
originates in Kéhler geometry in the work of Fine [14]. Even if the situation he considers is less
general, some of the analytic results apply to the general case. In the prior work, the adiabatic
limit strategy consists of expanding the scalar curvature of wx + kwp in inverse powers of k,
with the idea that if k£ is large the base becomes very big and the curvature is concentrated
in the vertical direction. In the easiest case of discrete automorphisms, the optimal symplectic
connection condition and the twisted cscK equation on the base allow one to find a relatively
Kéhler metric which is constant to order k~'. Then one proceeds inductively, adding at each
step r a potential {90y, in order to make the scalar curvature constant up to the k="~ !-term.
The implicit function theorem then allows one to deform the approximate solution to a genuine
solution.

Our approach is a version of the one just described, except with two parameters. We consider
a degeneration X — B x S of the fibration Y — B to the relatively cscK fibration X — B and
we expand the scalar curvature of the Kéhler metric (wx + kwpg, Js) in inverse powers of k and
powers of s. Then we relate the parameters k and s by imposing Ak~! = s, for some A > 0. We
understand the linearisation of the optimal symplectic connection equation by proving a relative
version of Kuranishi’s Theorem (see 4.7), then we can apply the adiabatic limit technique as in
previous works.

Outlook. The optimal symplectic connection equation has a deep algebro-geometric meaning,
coming from the fact that it can be viewed as a generalisation of the Hermite-Einstein condition
for vector bundles, as well as a way to study how polarised varieties vary in families. So a natural
question one could ask is whether optimal symplectic connections are linked to moduli problems
of polarised varieties.

In the case of vector bundles, one can form a moduli space of stable holomorphic vector
bundles, and the Hitchin-Kobayashi correspondence of Donaldson-Uhlenbeck-Yau [10, 38] states
that a holomorphic vector bundle on a compact Kéhler manifold is stable if and only if it admits
a Hermite-Einstein connection.

For polarised Kéahler manifolds, there is an algebraic notion of stability, K-stability, which is
conjecturally equivalent by the Yau-Tian-Donaldson conjecture to the existence of cscK metrics
[39, 37, 13]. It has been proved that it is possible to form an analytic moduli space of cscK
manifolds [18, 5]; see also [27].

Motivated by these results, Dervan, Sektnan [8] and Hallam [20] introduced and studied a
notion of stability of fibrations which on the one hand is a generalisation of slope-stability for
vector bundles, and on the other hand is a generalisation of K-stability for Kédhler manifolds.
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Though they only consider the case of stability of fibrations when the fibres admit cscK metrics,
the notion of stability also makes sense in the case where the fibres are just K-semistable. This
is sharp: the notion is not reasonable when the fibres are K-unstable, giving more evidence of
the fact that the situation we consider is the most general possible in the smooth case.

One can also take the analytic perspective, and try to form a moduli space of fibrations that
admit an optimal symplectic connection. We conjecture that our generalisation of the optimal
symplectic connection condition leads to the existence of such moduli space. In particular,
we expect that the optimal symplectic connection condition is open in families of holomorphic
submersions with discrete automorphisms.

Conjecture 1.3. There exists a Hausdorff complex space which is a moduli space for holomorphic
fibrations which admit an optimal symplectic connection.

When deforming a fibrewise cscK fibration one cannot expect the fibres to remain cscK,
unless one requires that the fibres are rigid, so the setting considered by Dervan-Sektnan is
not the right one to be related to moduli theory. Our construction, though, allows the fibres
to be K-semistable, which is an open condition, thus it should be possible to study the local
behaviour in families of fibrations with optimal symplectic connections without restricting to
the rigid case. The first step in this direction would be proving the openness of the optimal
symplectic connection condition. This should also lead to new examples, produced by starting
with a relatively cscK fibration admitting an optimal symplectic connection and applying the
implicit function theorem to obtain an optimal symplectic connection on a deformed relatively
K-semistable fibrations. We plan to return to this in future work.

New examples could also be obtained by relating our work to a recent result of Sektnan-
Spotti [34], who prove the existence of extremal metrics in an adiabatic class on the total space
of certain compactified test configurations, where the central fibre is cscK and the general fibre
is just K-semistable. Such a test configuration can be viewed as a deformation of a compactified
product test configuration for the central fibre. Their proof, however, does not need the extremal
symplectic connection condition but it requires that the vector bundle E of relatively cscK
metrics is trivial. It is reasonable to expect that this in fact implies that the extremal symplectic
connection condition is satisfied (though it seems challenging to actually prove it), thus relating
the two constructions.

While our work settles the problem in the case all input is smooth, open questions remain in the
presence of singularities. For instance, one could consider holomorphic fibrations where the total
space is smooth but some fibres are singular. In [15, §9] Fine explains a possible way to obtain a
similar existence result for special Kéahler metrics on holomorphic Lefschetz fibrations, where a
finite number of fibres are singular, but the problem is still mostly open. Moreover, denoting b,
the Lie algebra of holomorphic vector fields admitting a holomorphy potential on the fibre X, of
the relatively cscK degeneration, an important technical hypothesis in our approach is that its
dimension is independent on b. This is a smoothness hypothesis that allows defining the vector
bundle £ — B of relatively cscK metrics on X — B, and removing it would require a different
approach to our problem. Finally, a key assumption in Theorem 1.2 is that all automorphisms
of the moduli map on the base lift to the total space. When this assumption does not hold,
existence results for special Kdhler metrics were proved by Hong [23] in the case of projectivised
vector bundles and extended by Lu-Seyyedali [29], but the problem is open on a general fibration,
and even for projective bundles sharp results are not known.

Outline. In Section 2 we give preliminary definitions and results about the moment map inter-
pretation of scalar curvature, due to Fujiki [17] and Donaldson [11]. Then we recall the relevant
definitions and results on deformations of a cscK manifold, following [35]. In Section 3 we recall

the definition of an optimal symplectic connection in the relatively cscK case and we extend
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it to the relatively K-semistable case. In Section 4 we extend the theory of deformations of
a cscK manifold to the fibration setting and we prove a relative version of Kuranishi’s Theo-
rem. In Section 5 we prove the existence of a cscK metric on the total space of the relatively
K-semistable fibration: we derive the optimal symplectic connection equation by expanding the
scalar curvature, then we study its linearisation and we use an adiabatic limit as in [14] to prove
the existence of cscK metrics.

Acknowledgments. I am very grateful to my supervisors: to Ruadhai Dervan for encouraging
me to study this problem and for sharing his insights with me, and to Jacopo Stoppa for many
helpful discussions and constant support. I also thank Carlo Scarpa and Lars Martin Sektnan
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Fellowship, and I thank him and the department for their hospitality.

2. PRELIMINARIES

Let (M, L) be a polarised compact Kéhler manifold of dimension n, and let w € ¢1(L) be a
Kéhler form. The scalar curvature of w is the function on M defined as the contraction of the
Ricci curvature:

Scal(w) = Ay Ric(w, J),
where )
Ric(w, J) = —ia]&]log w".

We will be interested in Kéhler metrics with constant scalar curvature, where the constant is
given by the average scalar curvature, is a topological constant and it is given by
nei(M)- e (L)" 1
c(L)" '
In this section, we quickly recall some basic definitions and results on Kéhler manifolds and the

scalar curvature map. See [36, Chapter 4] for exhaustive discussions. For details and proofs
about the moment map picture of the scalar curvature see [32, Chapter 1].

=

2.1. Extremal Kédhler metrics. Let (M, L) be a Kéhler manifold with Ké&hler structure (w, J).
Denote by g; the Riemannian metric on M induced by J and w: g;(-,-) = w(-, J-). Recall that
a function h € C*°(M) is called a holomorphy potential if the (1,0)-part of the Riemannian
gradient of h, denoted V{°h, is a holomorphic vector field.

Definition 2.1. A Kahler metric (w, J) on M is extremal if
Av71,0 _
OV ;" Scal(w) = 0,

i.e. if the scalar curvature of ¢ is a holomorphy potential.

We denote by § the set of holomorphy potentials and by hg the set of holomorphic vector fields
which admit a holomorphy potential. We denote by D : C°*°(M,C) — Q%Y(T10M) the operator

D(p) = 5V;’0<p.

The Lichnerowicz operator is the composition D*D, where the adjoint is defined with respect to
the L2(g)-inner product. It can be written explicitly as follows:

D*D(p) = A (p) + (Ric(w),i00¢) + %(VScal(w), V).

The Lichnerowicz operator is a 4th-order elliptic operator, and its kernel kerD*D = kerD
coincides with holomorphy potentials on M. In particular w is an extremal metric on M if
D(Scal(w)) = 0.
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Let £ be the linearisation of the scalar curvature function. Then £ can be written in terms
of the Lichnerowicz operator:

L(p) = —D*D(p) + %(VScal(w), V).

In particular, if the scalar curvature is constant, the linearisation is exactly the Lichnerowicz
operator. Solving the extremal equation means requiring

Scal(w) — f=0

for some holomorphy potential f. If we change w to w + 199, then the holomorphy potential f
changes to f + 2(V f, V). Thus to find an extremal metric in the class [w], we need to find a
zero of the operator

C>(M,R) x h — C*(M,R)
_ 2.1
(¢, f) — Scal(w + i00p) — %(Vf, Vo) — f. 21)

The linearisation G of this operator at a solution is given again by the Lichnerowicz operator
itself: G(p,0) = —D*De.

2.2. Scalar curvature as a moment map. Let (M,w) be a symplectic manifold, and consider
the infinite-dimensional manifold

F ={J:TM — TM almost complex structure compatible with w}.
The tangent space at a point J is given by
T; 7 ={A:TM - TM|JA+ AJ =0 and w(u, Av) + w(Au,v) =0}.

Fix J € _# an integrable complex structure and A € Ty _#. Since AJ+JA = 0, Amaps T*°M
to TO'M and T%'M to THOM, where the splitting is considered with respect to J. Since A is
real, it is uniquely determined by one of its restrictions. Identifying A with A : T0'M — TOM
induces an identification

Ty 7 = T8 7 = {a € QN TYOM)|w(a(u),v) + w(u, ale)) = 0}. (2.2)

Now, if A€ Ty _# then JA € Ty _#,so # has an almost complex structure which is formally
integrable [19, §9.2]. Moreover, it has a Hermitian inner product

wn

<A7B>J ::/ <A7B>9J7')
M n
and the two combine to give a Kéahler form, given at the point J by

Q;(A,B)=(JA,B);.
So # is an infinite-dimensional Kéhler manifold. We consider the complex submanifold _# ™
of integrable almost complex structures of ¢. Its tangent space is given by those a € T?’l B4
such that da = 0.

Recall that a vector field £ is Hamiltonian with respect to w if there exists h € C*° (M, R) such
that w(&,-) = —dh. On a Kéhler manifold £ = JV9(h), where VYA is the Riemannian gradient
of h. We will denote a Hamiltonian vector field with Hamiltonian h by &;,.

Consider the group of Hamiltonian symplectomorphisms of (M, w), denoted by ¢. This is the
infinite-dimensional Lie group of time-one flows of Hamiltonian vector fields on M, and it acts
on _Z by pull-back: for J € ¢ and ¢ € ¢ the action is given by

¢*J :=do Lo Jode.
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The Lie algebra of ¢4 can be identified with C§°(M), the smooth functions on M with w-
average zero. The following theorem is due to Fujiki [17] and Donaldson [11].

Theorem 2.2. The action 4 ~ ¢ is Hamiltonian with moment map
p: f — Lie(94)*

~ (2.3)
J — Scal(w, J) — S.

Therefore cscK metrics on M correspond to J € _#™ such that u(J) = 0. A few comments:

(1) If J is integrable, S(w,J) is the scalar curvature of the metric g;. Otherwise, it is the
Hermitian scalar curvature of the Chern connection on T'M, which is not the same as
the Levi-Civita connection in general.

(2) S(J) — S is viewed as an element of C§°(M)* by identifying Lie(¥)* with its dual via
the L?(w)-product on M.

Let J be an integrable compatible complex structure on (M,w), and denote with K ;(w) the
set of Kihler metrics in the same Kéhler class of w with respect to J, i.e. those metrics which
can be written as w + i9;05¢ for some ¢ € C°°(M,R). The following proposition (see also [36,
§6.1]) justifies the fact that instead of moving the Kéhler metric inside the K&hler class with
respect to a fixed J, one can think of w as fixed and move the complex structure.

Proposition 2.3. [12, p.17] For every wy € Kj(w) there exist f € Diffo(M) such that f*wy = w
and (M,wy, J) is isomorphic to (M,w, f*J).
Thus if we fix J € _# integrable, we can define a map
Fi{o € C¥(MR) fog € Kslw)} — 7 o
pr— FoJ = f*J. '

The differential at 0 of F' is given by
doF () = JL¢,(w) -

We can think of the image of the map F' as an infinitesimal complexified orbit of ¥ ~ 7,
even if a complexification of 4 does not genuinely exist. Proposition 2.3 says that a variation
of the Kahler form in a given K&hler class for J fixed corresponds to a variation of the complex
structure J in the same ¥“-orbit, for w fixed.

2.3. Deformation theory of cscK manifolds. In this subsection we follow Székelyhidi [35,
§3]; similar results were obtained also by Brénunle [1, Part 1]. We fix an integrable complex
structure Jo € _# on (M, w) such that Scal(w, Jo) is constant.

Definition 2.4. For J € ¢ fixed we define the operator
P:C°(M) —1T; 7
hv— Le, J,
where £, is the Hamiltonian vector field with Hamiltonian function h.

Remark 2.5. P is the infinitesimal action of ¢ on _# and one can show that P(h) = 2]55}11’0 +

2J(5§}1L’0). Thus, through the identification of Equation (2.2), an equivalent operator is P(h) =
o).

The deformations of the complex structure are encoded in a complex

Co(M,C) B Ty, _g 2 02100,
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where PC is defined on a complex function f+ih as P(f)+JP(h). Denote by H! the cohomology
of the complex:

H' = {a € Q"Y(T °M)|da = 0 = P*a}. (2.5)
This is a finite-dimensional vector space, since it is the kernel of the elliptic operator [18, §2]
O:= PP* +(0%0)? (2.6)

on Ty, #. Consider the space of Hamiltonian isometries
K :=Staby (Jo) = {¢p € G |dp ' o Jyodp = Jo } = Aut(M, Jo) N Y.

The Lie algebra of K, denoted £, can be identified with the kernel of P; it consists of smooth
functions over M whose Hamiltonian vector field is holomorphic. The complexification of £ is
then given by the kernel of the Lichnerowicz operator, and K¢ = Aut(M, L). The group K acts
naturally on H! by pull-back and 0 is a fixed point of the action. The following theorem is a
symplectic version of Kuranishi’s theorem [28].

Theorem 2.6. [28, 35] There exists a ball around the origin V.C H' and a K -equivariant map
UV:V— 7 (2.7)
such that ¥ (0) = Jy and

(1) the G°-orbit of every integrable complex structure near Jy intersects the image of U;
(2) If x,x’ € V are in the same orbit for the complexified action of K, and W(x) is integrable,
then ¥ (z), ¥(z') are in the same G°-orbit.

Remark 2.7. The Kuranishi space V' is called a local slice of the ¢°-action near the reference
complex structure Jy, and Theorem 2.6 is an infinite-dimensional version of Luna’s slice theo-
rem [30]. Since we allow also non integrable almost complex structure, the slice is an actual
ball. Instead, the Kuranishi space described in [28], which parametrises only integrable complex
structures, is an analytic subset of our V.

Let € be the symplectic form on V' given by pulling back via ® the Kéhler form € on #.
Then the scalar curvature induces a moment map for the K-action on V,

w:V —¢

(2.8)
2 — pe (Scal(w, ¥(x))),

where £ is identified with its dual via the L2-product of functions and p¢ is the orthogonal

projection.

Corollary 2.8. [35, §3] Possibly after shrinking V, the map ¥ can be perturbed to a map

oV = 7 (2.9)
such that for allx € V, S(w, ®(x)) € ¢.

Hence the moment map (2.8) can be defined as p(x) = S(w, ®(z)).
By identifying TyV with H', we consider on H' the linear symplectic form
QO('v ) = QJ() (doq)'v d0q>‘)7
and the linear action of K induced by the one on V. Fix f € ¢, and define an endomorphism of
H' by
Ay(t) =do (y — exp(tf) - y),
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where y € V and by exp(tf) we denote the 1-parameter subgroup of K defined by the element
f € € (which corresponds via ® to the flow of the Hamiltonian vector field grad®” f on M). Let

d
A= — A . 2.1

We have the following properties:
(i) Ay is a skew-hermitian endomorphism of (H', Jo) and Ap(t) = exp(tAy);
(i) For v € H!, denote by v a vector field on V such that v|o = v. Then

A5(0) = Btl=0Ar (B = Flimo (@) () = =(Le,V)o = [v. 7o (2.11)
Definition 2.9. We define a map v : H' ¢ by

Wl0). £) = 3% (Agv,0).

It can be characterised as a moment map by relating it to the scalar curvature (2.8) as follows
(see [27, §3] for the proof).

Proposition 2.10. The map v is a moment map for the linear K-action on H! and if ve is a

path in V' with O¢|i=ove = v,
2

(o) = %z/(v) O,

3. OPTIMAL SYMPLECTIC CONNECTIONS

Let (X, H) 5 (B, L) be a holomorphic submersion, where:

(i) X and B are compact Kahler manifolds;
(ii) L — B is an ample line bundle, so we have a Kéhler metric wp € ¢1(L);
(i) H — X is a relatively ample line bundle, i.e. H|, — X; is ample. This means that
we can consider wx € ¢1(H) relatively Kéhler, i.e. a closed 2-form which restricts to a
Kéhler metric on each fibre of 7.
By Ehresmann’s fibration theorem all the fibres are diffeomorphic. We denote dim(B) = n,
dim(X3) = m, so that dim(X) = n + m. We assume further that the complex dimension of the
Lie algebra h(X}) of holomorphic vector fields on the fibre X, is independent of b.

Remark 3.1. Although in the following we consider only polarised Kéhler classes, this is not
essential. Indeed all the results hold if ¢; (H) and ¢ (L) are replaced respectively by a relative
Kahler class and a Kahler class that do not come from holomorphic line bundles.

3.1. Splitting of the function space. Assume that wx restricts to a constant scalar curvature
Kahler metric wy on each fibre X;. Let

DyDy : C°(X,R) —» C*(X,R)
be the vertical Lichnerowicz operator, defined fibrewise as (D},Dyy) |x, = DyDp ¢|y,. It is a
real operator since the fibrewise metric is cscK. By integrating a function ¢ € C*°(X,R) over
the fibres of m, we define a projection
C*(X,R) — C*°(B,R)

P — P -
X/B
Its kernel is given by the space C§°(X,R) of functions that have fibrewise mean value zero. A
key step in the study of optimal symplectic connections is that we can further split this space as
follows.
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Consider a real vector bundle E — B [6, §3.1], whose fibre over b € B is the real finite-
dimensional vector space kerg(D;Dy) of holomorphy potentials on the fibre X, with mean-value
zero with respect to w,. F is well defined as a vector bundle since we are assuming that the
complex dimension of the Lie algebra h(X}) of holomorphic vector fields on X, is independent
on b. Its smooth global sections are

C*(E) = ker¢Dy,Dy.

In [20, Lemma 2.7], Hallam showed - using the Cartan decomposition for the space h(X}) of
holomorphic vector fields of the fibre - that Ej can be also viewed as the vector space of all
Kéhler potentials ¢, on X; of mean-value zero for which wy 4+ 100y is still cscK. We can split
C§°(X) as

Co*(X,R) = C*(E) & C(R),
where C*°(R, X,R) is the fibrewise L?-orthogonal complement with respect to the fibre metric
wy, L.e. for all ¢ € kergD;Dy, v € C(R)

(o) = /X P = 0.

In the end we obtain
C*(X,R)=C>(B)® C>*(E)® C>(R). (3.1)
We denote by pg : C°°(X) — C*°(E) the projection.

Since we are interested in deformations of the complex structure of X, sometimes we will
denote the vector bundle E as E(wx, Jp). Notice that if we change just the relatively Kéhler
metric wx to wx + 100, for p € C°(X), the vector bundles F(w, Jy) and E(w + i0d¢p, Jy) are
isomorphic.

3.2. Optimal symplectic connections in the relatively cscK case. The relative symplectic
form wyx determines a splitting of the tangent space

TX =V e HY, (3.2)
where V, = T, X(,) is the tangent space to the fibre, and
HeX ={u e T X|wx(u,v) =0 Yv €V, }.
In this context wy is called a symplectic connection [31, Chapter 6] and it determines the following

curvature quantities:

(i) the symplectic curvature is a two-form on B with values in the fibrewise Hamiltonian
vector fields defined as, for vy, vy € X(B), as

FH(Uh UQ) = [vga ,Ug]vert

)

where v? denotes the horizontal lift. Let m be the map which associates to a fibrewise
Hamiltonian vector field its fibrewise Hamiltonian function with fibrewise mean value
zero. Thus we consider m*(Fy), which is a two-form on B with values in C§°(X,R),
and we pull it back on X. It is related to the symplectic connection as follows [6, §3.2]:

(wx)u =m*(Fy) +7°p,

where  is a two-form on B.
(ii) the curvature p of the Hermitian connection induced on the top wedge power A" V. We
will consider its purely horizontal part px.
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Definition 3.2. [6, §3.3] A relatively cscK metric wx is called an optimal symplectic connection
if

pE (Av(Awym” (Fy)) + Awppr) = 0. (3.3)
This is a second order elliptic equation on the vector bundle £ — B. In the following, we will
use the notation O(wx,J) = Ay (A, m* (Fy)) + Awp pn.

The linearisation of the equation at a solution is given by the operator R*R [6, §4.3], where
R(er) =08V vr (3.4)

and the adjoint is computed with respect to wrp+wp. Here V%,’Ogo g is a section of the holomorphic
tangent bundle; the vertical part of 5V%;ocpE vanishes since ¢ € C°°(F) and the horizontal part
is denoted by the expression (3.4). The operator (3.4) can be described as follows [0, §4.3]: let
DDy, be the Lichnerowicz operator with respect to the Kahler metric wy. It can be written as
a power series expansion in negative powers of k:

DZDk =L+ k‘_lﬁl + O (k’_2) s

where Ly is the wvertical Lichnerowicz operator Dy, Dy. Then for ¢, fibrewise holomorphy
potentials

/X Ly (D)W ATy = /X (R, R o A T,

This means that the operator R*R can actually be seen as pgoLy restricted to C3(X). The kernel
of R, thus of R*R, consists of fibrewise holomorphy potentials which are global holomorphy
potentials on X with respect to wy.

3.3. Optimal symplectic connections in general. Let 7y : (Y, Hy) — (B, L) be a holomor-
phic submersion where all the fibres are K-semistable. Let (X, H) — S x (B, L) be a degeneration
of the fibration (Y, Hy) — (B, L) to a relatively cscK fibration 7 : (X, H) — (B, L), where S C C.
In particular, all the fibrations X5 — B are biholomorphic to Y — B for s # 0.

Let Jy be a complex structure on X such that (wx, Jy) is relatively cscK. Let wp denote the
vertical part of wyx. Through the fibrewise analogue of Ehresmann’s fibration theorem 4.6, we
can take the perspective of fixing wy and seeing X — B x S as a family of compatible complex
structures {J,} which keep 7 a holomorphic submersion and are all biholomorphic except for Jy.
Let

Fr = {J almost complex structure compatible with wyx and s.t. dwo J = Jp odr}.

Compatibility with wx means that wx(J-, J-) = wx(-,-) and that wp o J|x, is non degenerate
and positive definite. The tangent space at Jy to _# can be identified with

TS{,l/fr _ {A c Qo’l(Vl’O)\ wr(A ) +wp(, A) = 0}7 (3.5)

where A vanishes on the horizontal vector fields. This follows from requiring that the deforma-
tions preserve the holomorphic projection.

As in Section 2.3, for any fibre X let V;, be the Kuranishi space, K} the group of Hamiltonian
isometries and U, the Kuranishi map (2.7) of the fibre. Let x5, € Vj be such that ¥y(zs) =
Js|x,- Let up be the moment map (2.8). Then we can define a section of C*(E) as

ps(b) = pE (Sx, (Wo, Yo(s0))) - (3.6)

Here and in what follows C*°(E) is the space of fibrewise holomorphy potentials with respect to
the relatively cscK structure (wx,Jo). Note that ¥, may not vary smoothly with b, but when
applied to z it gives the complex structure Js|x,. Since J; is a complex structure defined on
the whole X, it varies smoothly with the base, so us is a smooth section. For each fibre X; we
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can linearise the action to the tangent space to V; at 0 as in Section 2.3, so we can define another
section v of E by

v(b) = vp(vp). (3.7
Here v}, is the moment map defined in Definition 2.9 for the linear action of K} on H LX), and
vy € H 1(Xy) is tangent at 0 € Vj,. Even if v, does not necessarily vary smoothly with b, v is a
smooth section because there is an expansion

2

115(b) = %u +0(s%) (3.8)

as explained in Proposition 2.10, and p is smooth.

Definition 3.3. We say that the relative Kéhler form wx is an optimal symplectic connection
(Y, Hy) — B if it satisfies the equation

. A
PE (Bv(Awpm™(Fy)) + Aoppu) + 51 =0 (3.9)
for some constant A > 0.

The first term is the left-hand side of the optimal symplectic connection equation (3.3) for
fibrewise cscK metrics, and it involves only the complex structure Jy. The second term represents
the deformation of the complex structure, in terms of the first order deformation of the fibres.
In Section 5.3, we will prove that the linearisation of the equation at a solution is given by an
operator

L=TRR+AA,
where R is the operator (3.4) and A is obtained by extending the map (2.10) to a fibrewise map.
As shown in Proposition 5.8, its kernel is given by the fibrewise Jy-holomorphy potentials which
are global holomorphy potentials with respect to Js.

The definition of an optimal symplectic connection can be generalised as follows.

Definition 3.4. wx is an extremal symplectic connection on Y if

~

L (pE(@(cuX7 Jo)) + ;\V> = 0.

In particular, the fibrewise Jp-holomorphy potential

hi:=pg (@(w_x, Jo)) + %l/ (310)

is a holomorphy potential for the complex structure of Y.

4. DEFORMATIONS OF FIBRATIONS

In this section, we study more in detail the deformations of a holomorphic fibrewise cscK
fibration. In particular, we prove a relative version of Ehresmann’s fibration theorem in Propo-
sition 4.6, which allows us to view families of fibrations as families of complex structures in _#
on the same underlying smooth fibration. In Section 4.2 we then prove a relative version of
Kuranishi’s Theorem 2.6, which will be needed in Section 5 to describe the linearisation of the
optimal symplectic connection equation (3.9).

We start by giving a description in local coordinates of a first-order deformation A € T, 7.
We fix a local trivialisation of X — B and we make the following notation conventions:

{w!,...,w™} are vertical holomorphic coordinates; indices are denoted with the letters
a,b,c,...;
{z1,..., 2"} are holomorphic coordinates on the base; indices are denoted with the letters
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We can then write A € T)y_Z, locally as
A= A%dw’ ® Oy + Aajdéj ® e,

since A takes values in the vertical vector fields. The following lemma explains the relation
between A% and A“;.

Lemma 4.1. For A € Ty, ¢, we have that:

(i) A vanishes on horizontal vector fields;
(it) A% = A%(wr)*(wx)g;-
Proof. As for the first claim, if u € V, v € H, then
wx (u, Av) = wp(u, Av) = —wr(Au,v) = 0. (4.1)

Indeed, the first equality comes from the fact that Av is vertical and wyx coincides with wg
on a pair of vertical vector fields. The middle equality follows from the compatibility of the
deformation with the fibrewise symplectic structure (3.5). The last equality follows from the fact
that v is horizontal. So Av is horizontal, since the relation (4.1) holds for any w € V; but Av is
also vertical. Thus Av = 0. This proves the first claim.

We prove the second claim. While Oya, Oge are vertical vector fields on X, 0,;, 055 are not
horizontal in general. So we have a splitting

Oz = €5+ 15 with g5 EHX, i €V,
Then from wx (Oye,€;) = 0 it follows that

(Wx)ap 7% = (Wx)aj-
So n; = (wr)*(wx),j0ne- Thus we can write the horizontal part of dz; as
&5 = 0z — (wr)"*(wx ) O
Since A takes value in the vertical vector fields, A(e;) = 0, so
0= —A“E(wp)dé(wx)djawa + A% Oue,
hence the claim. O

The following lemma explains the relation between a J € £, and the splitting (3.2) of the
tangent bundle of X induced by wx, by showing that the elements of _# in a neighborhood of
Jo differ from Jy only on the vertical vector bundle.

Lemma 4.2. Any J € _#, preserves the splitting of the tangent space T X = VO&HYX. Moreover,
J(u) = Jo(u) for all u € HYx.
Proof. For the first fact to hold, we have to prove that J(V) C V and J(H“*) C HwX.

(i) Let v € V. Then

dn(Jv) = Jp(dmw(v)) =0,
=0
so Jv e V.
(ii) Let u € H¥X. Then wx (u,v) = 0 for every v € V. So
wx (Ju,v) = —wx (u, Jv) =0,

since Jv is vertical by the previous step.
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We now prove that indeed J(u) = Jo(u) for all J € #, and all u € H“X. Consider for instance
a first order deformation Jy + eA. Since A vanishes on horizontal vector fields by Lemma 4.1, if
u e HYX, (Jo +ed)(u) = Jo(u). Let now J; be a path in _#, which joins Jy to J. Then

6SJS(H) - AS(H) =0,

so for all s we have Js(u) = Jo(u), for all u € H“X, from which the claim follows. O

In particular, the last part of the proof shows that the horizontal parts of the operators 9,0
with respect to Jy remain the same for any J in _#;.

Remark 4.3. Let k> 0 be such that wx + kwp is a Kéhler form on X. Then ¢, embeds into
J(wx + kwg). Indeed for J € 7,

wi(J J) =wx(J, J) + kn*wp(J-, J-)
and m*wp(J-, J-) =wp(drJ-,dnJ-) = wp(Jpdn-, Jpdr-) = m*wp(-, ).

4.1. Families of holomorphic submersions. In this section, we give a more rigorous defini-
tion of a family of fibrations and we prove a relative version of Ehresmann’s fibration theorem.
Families of fibrations are in particular families of holomorphic maps, for which a deformation
theory has been developed by Horikawa [24, 25], under the assumption that H2(X,TX) embeds
into H?(X,m*TB).

Definition 4.4. Let B be a smooth manifold. A family of holomorphic submersions onto B
with central fibration 7 : X — B is defined as the data of (X, 7, p, S), where:

(i) X is a compact complex manifold, and S is a complex manifold;
(ii) p: X = S and 7 : X — B x S are holomorphic submersions and p = pr, o 7;

(iii) we can pick a distinguished point 0 € S such that Ty induces 7 : X — B.

We say that a family of holomorphic maps (X, 7,p,S) onto B is complete if for any other
family (X', 7,p’, S’) with the same central fibre, there exists a map h : S” — S, defined locally
on neighbourhoods of the distinguished point, such that the family (X’,7,p’, S”) can be obtained
by (X, 7,p,S) via pull-back using h.

For a smooth proper morphism p : M — N with N connected, Ehresmann’s fibration theorem
[26, Proposition 6.2.2] says that the fibres of p are all diffeomorphic, and more precisely that
M is locally diffeomorphic to a product. To generalise it to fibrations, we need the following
definition.

Definition 4.5. Let F' : M — N be a smooth map, u a vector field on M, u’ a vector field on
N. We say that u and v’ are F-related if

Fodly =gl oF.
Then we can extend Ehresmann’s theorem to our setting as follows.

Proposition 4.6 (Relative Ehresmann’s theorem). Let (X, 7, p,S) be a family of holomorphic
maps onto B with S connected. Then there exists a diffeomorphism 7 : X = X x S which
commutes with the projections to B, i.e.

X —T +Xx8§

’Tl Ad

BxS
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Proof. Up to restricting to a segment, we can assume that S is a small open neighborhood of
the origin in R. We can then consider the vector field u = 0,, and view it as a vector field in
B x S, denoted by «’. This means that, denoting by ¢!, its flow and pr, : B x S — S the second
projection, u’ is pro-related to u. It is a consequence of the implicit function theorem that if
F: M — N is a smooth submersion of manifolds, then for any vector field on N there exists a
vector field on M which is F-related to it. Let then v be a vector field on X which is 7-related
to v/, i.e.
To g, =y oF.

Then, using p = pr, o T, we obtain
po g, = ¢y op,
thus v is p-related to u. Hence we can define a map
T: X —XxS8

2 (6,7(2),p(2)),

which is a diffeomorphism with inverse

(z,8) — ¢y ().

Since v is 7-related to u’, this diffeomorphism commutes with the projections to B, as required.
O

Let now (X, H) — (B, L) be a polarised holomorphic submersion with wx € ¢;(H) a sym-
plectic form which restricts to a Kéahler metric on the fibres. Then we consider the following
setting:

(i) (X, H,7,p,S)is asmooth polarised family of maps onto B with central fibration (X, H) —
B, where we assume for simplicity that S is a disk in C. In particular the line bundle H
on X restricts to a relatively ample line bundle H, on each fibration Xy — B;

(ii) We assume to have an action of C* on S x B which lifts to (X, H) such that 7 is C*-
equivariant, so for s # 0 the fibrations (X5, Hs) — B are all biholomorphic.

Ehresmann’s theorem implies that we can locally trivialise the family in such a way that all
X, are diffeomorphic, so we can interpret the family as a family of almost complex structures
{Js} on X which preserve the projection onto B.

Moreover, since (X, Hy) is a small deformation of (X, H), we have that ¢;(Hy) = ¢1(H).
Then by Moser’s theorem [3, Theorem 7.2] we can assume that wx is relatively Kéahler with
respect to the complex structures Jg, up to modifying (X5, Hs) by a small diffeomorphism. So
we can view a family X — B x S as a family of complex structures on X which keep 7 a
holomorphic submersion and wy a relatively K&hler metric.

4.2. Relative Kuranishi’s Theorem. As in the previous section, we consider a holomorphic
submersion 7 : (X, H) — (B, L) with a relative K&hler metric wx and a complex structure .J,
which is fibrewise cscK. We require a relative version of Székelyhidi’s and Bronnle’s deformation
theory described in Section 2.3. Consider the map

Py: CFE(X,R) — TV 7n

@ — Oy(grad“p)H?

)

which is the relative version of the map defined in Definition 2.4. Let EG, be the kernel in Tf,)(;l '
of the operator

Oy = Py P} + (9%0)?
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inside T?(;l H=, where the adjoint is computed with respect to any Kéhler metric on X which
restricts to wp vertically. The operator Uy is fibrewise elliptic because Py P); is elliptic in the
fibre direction, and globally elliptic because (9*9)? is. Its kernel can be described as

ﬁéz{aeT}){’)I/ﬁ P{jazOzéa},

so it is a finite-dimensional vector space. Fibrewise, (), restricts to the operator (2.6) and fI\l)
restricts to the vector space described in Equation (2.5). In particular, H%, depends only on the
vertical part of the metric wg.

Consider the smooth fibre bundle  — B, whose fibre K; = Isom(X;,w;) is the stabiliser
of Jo| x, for the %y,-action. Notice that, thanks to our hypothesis, the groups K are finite-
dimensional with dimension independent of b. The group of global sections of K is

K :=Isom(m,wx) = {f € Aut(X)|f*wx =wx and 7o f = 7}. (4.2)

We next prove a relative version of Kuranishi’s Theorem, adapted from Chen-Sun [4, §6].

Theorem 4.7 (Relative Kuranishi’s Theorem). There exists a neighborhood of the origin V C
Hj, and a K -equivariant holomorphic map
V.V = 7
such that:
1) \1’(0) = Jo,'
2) If vi,vs € V and vy}, € K- va, for all b, and if ¥(vy) is integrable, then \I/(vl)|Xb 18
in the same 9 -orbit as V(v2)|x,

3) For any J € _#. integrable close to Jy, there exists J' in the image of U such that, for
all b, Jy is in the same G¢-orbit as Jy.

Proof. We can identify any J close to Jy with an element a € T})&lfw, i.e. with a (0,1)-form
with values in the vertical holomorphic tangent bundle, plus the compatibility condition with
wg. So we have an embedding from an open subset in T?éljw into _Z:

FrUTY 7o) = Fr
Given b € B, we denote by p; the restriction #; — #(X3). Then fy(a|x,) = ps o f(a). We
define now a new embedding f : U (Tgél Ir) = I as follows:

f(a) = /,< 9 (o) e f@lx, = / a5 £ (gl - olx,)dux, (9ls),

Ky

where dyx,/p is the fibrewise Haar measure on K — B. Then f is such that

Fll-a)ly = Kl - (@)l
Now, J is integrable if and only if the corresponding « satisfies [26, Lemma 6.1.2]
N(a) = da + [a, 0] = 0. (4.3)

An element J in _#; preserves the projection as a holomorphic map, so if J is integrable its
restriction to each fibre is also integrable. Therefore equation (4.3) holds also fibrewise. For
any b € B, let Hy, : T?{;ljﬁxb — H'bl be the L%—orthogonal projection and let GG, be the Green
operator of [:

I =GOy + Hy = 0,Gy + Hp.

For « integrable, a simple computation starting from (4.3) leads to the identity

a|b + Gbégébég [Oz|b, a|b] = Hba|b.
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Then we can define a map
F:BxT)! 7o = T3 7n
(b, 04) — a\b + Gbgl’fébg‘;[an, Oz|b],

where both spaces are endowed with the Sobolev Li—norm. The differential of F' in the second
component at the origin is the identity, since Gbég 51,5; [a]p, «|p] is quadratic in a.. Hence by the
implicit function theorem we can locally invert F' and the inverse varies smoothly with 5. We
consider the inverse restricted to an open ball in H. ‘1;, which we define to be V, and for x € V' we
denote it by a(z). Thus we have a family

U:={a(z)lzeV}C Ty 7r, (4.4)
and we can define
U:V = 2
z— fla(x)).

We begin by proving that this map satisfies the required properties. Denoting
U™ = {a(2)|N(a(z)) = 0}
and
U3 = {a(z)|Ny(a(z)]y) = 0 Vb € B},
we want to prove that U™ is an analytic subset of U. We begin by showing that U is an

analytic subset of U. On each fibre Xy, a(x)|p is integrable if and only if Hy[a(z)|p, a(z)|s] = 0.
Indeed

Ny, (a()]p) = Bpar() [y + [cx() o, () o]

e (4.5)
= 2Gy 05000y [N (a(@)]5), (@) ]s] + H ()]s, () o] -

The map

BxV — Hy
(b,v) = Hy[a()[p, c(2)]s]

is holomorphic, so U} is an analytic subset of U. Then, denoting T™ the analytic family given
by the Kuranishi Theorem [4, Lemma 6.1] applied to X, we see that U™ is the intersection of
U™ and Uirt| so it is itself an analytic family. Moreover, when restricted to the fibre Xj, both
maps f and F' are Kj-equivariant and holomorphic, so (2) is also proved.

We prove (3). Let J, = ¥(x) € #,, and fix b € B. Given £ € I'(X, V) a vertical vector field,
define

Fe: X=X
p— epr(gpvgﬂ'(p))v

where g (,) is the Riemannian metric on the fibre X,y with respect to J,. Following [4, Lemma
6.1], we fix v € V,, C V, interpreted as a tangent vector at = in V, and we define a map

Ry :U(L7 5(Xp,C)) = L7 o(Xp, TXy)
©b = &o(n,vlb)
such that Ry(0) = 0 and
(i) doRe(pp) = grad™ (Re(ys)) + Ju|x,grad™” (Im(¢s));

(i) ng(SOb,vlb)J$|Xb S Jalx,-
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Since this map is defined via the implicit function theorem, the vector field &, (vs,v|p) varies
smoothly with b, thus defining a global vertical vector field on X (more details about this
technique of using the implicit function theorem to prove smooth dependence on b are given in
the proof of Proposition 4.9 below). So we can define a global map

R:U(LE (X, C)) — L (X, V)
e &(pv) st &(p,v)lx, = (@l vlb).
The complex structure Fg(%v)Jgj on X satisfies the following properties:
(1) is compatible with wy. Indeed
) Jas ) Fwx (3 e Jer) =
WF(F(py o) Fwr(, g de) +wx n(Jos ) +wx u(s, Ju).

The first two terms sum to zero because the complex structure Fg( o, v)J_t is fibrewise
compatible with the fibrewise Kéhler form. The last two terms sum to zero since J, €
-

(2) preserves 7, since the differential commutes with pull-back.

(3) satisfies property (ii) above for every b € B.

Let now a(p,v) be the (0,1)-form with values in the holomorphic vertical tangent space which
is the pre-image of F{ J, via W. Then from (4.5) it follows that a(p,v) fibrewise satisfies an
elliptic equation of the form

OyT(p, v, N()) = 2030y0% [T (w,v, N(a)), S(p,v,a)], (4.6)
where T(0,v, N) = N and S(0,v,a) = .

Let now J € _#Z be close to Jp in Li. The proof now goes exactly as in [4, Lemma 6.1],
and we report it here for completeness. Since J is integrable, the corresponding vector-valued

(0,1) j,-form «; satisfies (4.6) for all (¢,v). Consider the L2-projections
W13 (T3 7)) > Im(Py),  Tho: L3 (T3 7)) — H}
and consider the map x : U(L},,(X,C)) x V, — Im(Py) x f[%, defined by

(p.0) = (M1 (Fepy o) Mz (Féipar o) )

Remark that if o, 8 € ngljﬂ satisfy (4.6) and they are such that (IT;a, Iya) = (I1; 8, I 5),
then by ellipticity it follows that o = (. The differential of the map x is d(o,0)x(,v) =
(Py(),v): it is surjective and the kernel corresponds to fibrewise holomorphy potentials, so it
is finite-dimensional fibrewise. Thus again by the implicit function theorem, there exist (p,v)

such that (ITy(evs), H2(as)) = x(¢, v), hence by the ellipticity argument a; = Fy /o O

Remark 4.8 (Versal deformations). The proof of the relative Kuranishi Theorem guarantees
the existence of versal deformations. A deformation X — B x V with central fibre (X, Jy) is
called versal if any other family X’ — B x V' (centred at .Jy) is obtained by pullback via a map
f V' — V, which might not be unique but whose differential is uniquely determined. This is
proven in the third step of Theorem 4.7, where a single complex structure J is considered instead
of a second family {J;}. The pullback is given by the exponential map F¢, where £ = £(p,v) is
uniquely determined by the vector v tangent to the complex structure J.

Proposition 4.9. Possibly after shrinking V, we can perturb the map U to
V= 7 (4.7)
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such that
Sy (wx, (I)(.T)) S COO(E)

Remark that the claim holds fibrewise as a consequence of Theorem 2.6, so we just need to
check that the complex structure we find on each fibre X varies smoothly with b. This relies on
the fact that the proof involves the implicit function theorem.

Proof of Proposition 4.9. For every b € B, the Lie algebra of K; is £ = ker D; Dy, which is
exactly the fibre Fj of the vector bundle E defined in Section 3.1. Let U; be a small ball around
the origin of L*!(R). Define a map

G:BxV xU — L*~%R)
(b,z,0) = Tr2a-a(r)S (Wp, Fopp, (¥()]))
where ¥(z)|, defines an element in _#, from Theorem 4.7, and the map F' is the one defined in
(2.4). The derivative along the third component of G at 0 of a function ¢ is given by PjPy(¢),
which is an isomorphism L?!(R) — L*!=%(R). By the implicit function theorem, for every b,

¥ can be perturbed to ®;, : V;, — _#(X3) in such a way that S(wy, ®p(x)) € &, and @, varies
smoothly with b. Thus we find a map

®:V = 7

such that Sy(wx, ®(z)) € C™(E). O

Let us return now to considering a holomorphic submersion 7 : X — B with a relatively
cscK metric (wx, Jp). By viewing wx as fixed and varying the complex structure, we consider a
family {J,} such that (wyx, Js) are relatively Kahler metrics on X — B. Theorem 4.7 allows us
to extend definition of the sections ps (3.6) and v (3.7) of C*°(FE) to the following maps.

Definition 4.10. Define the maps

pr 2 V— C®(E)
z — Scaly(wx, ®(x))

and
Up : f[%; — C°(E)
v = g (V)

where v, (v)|p = vp(v|x, ), for v}, defined in Definition 2.9.

Remark 4.11. If 2, € V corresponds to Jg via the relative Kuranishi map (4.7), we have that
Hr(Ts) = ps, where us € C°(E) is the section defined in Equation (3.6). Similarly, if v € fI\l)
is the deformation of the family {Js}, then v, (v) is the section v € C°°(FE) defined in Equation
(3.7). By applying Proposition 4.9 we can perturb u, to end up in C*°(E), so we do not see the
projection as in Equation (3.6).

From the definition (3.6), the perturbation given by Proposition 4.9 and the expansion (3.8)
of ps € C(E) it follows that, if v € Hj, is the deformation of the family {J,},

2

Scaly(wx, Js) = pn(zs) = Sp + %V(v) +O(s%). (4.8)
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5. EXTREMAL METRICS ON THE TOTAL SPACE

As before, let my : (Y, Hy) — (B, L) be a holomorphic submersion where all the fibres are
K-semistable. Let (X,H) — S x (B, L) be a degeneration of the fibration (Y, Hy) — (B, L) to
a relatively cscK fibration 7 : (X, H) — (B, L), where S C C. In particular, all the fibrations
Xs — B are biholomorphic to Y — B for s # 0. For k > 0, consider the Kéahler form

wE =wyx + km*wp,

where wp is a fixed Kéhler metric on B. We will omit the pull-back in the notation, and write
just wx + kwpg.

We will later need to choose wp appropriately, to produce cscK and extremal metrics on Y.
To do so, we need the following definitions from the moduli theory of cscK manifolds [18, 27, 5].
In [5] it is shown that there exists a complex space M which is the moduli space of polarised
cscK manifolds and that there exists a Kéhler metric on M called the Weil-Petersson metric.
Moreover, since our central fibration 7 : X — B has cscK fibres, there is an induced map
q : B — M. The pull-back via q of the Weil-Petersson metric, denoted aw p, is a closed smooth
(1,1)-form on B, and it has the following expression [5, 18]:

§b / X /
awp = w — pAWY, (5.1)
m+1Jx/p X X/B X

where p is the relative Ricci form defined in Section 3.2 and m is the dimension of the fibres.
Notice that ay p is positive semi-definite in general.

Definition 5.1. We say that wp € ¢;(L) is

(1) twisted cscK with respect to « if Scal(wp) — Aw,a = ¢p;
(2) twisted extremal with respect to « if Scal(wp) — A, € ker D, where Dp is the Lich-
nerowicz operator on B.

Definition 5.2. We define the group of automorphisms of the moduli map to be
Aut(q) = {f € Aut(B,L)|qo f = f}.
If we denote by hp the twisted extremal holomorphy potential, then the linearisation of the
twisted extremal operator at a solution is given by the map [21, §2], [7, §3.2]

1 _
Lo(¢) = —DgDpe + §<VAwBa7 V) + (i00¢, o). (5.2)

Moreover, in [7, Proposition 3.5] it is proven that kernel of this operator is given by the holo-
morphy potentials of those vector fields whose flow lies in Aut(qg).
In what follows we will also need the groups of automorphisms of the projections 7 and 7.

Definition 5.3. For 7 : X — B we define
Aut(m) ={f € Awt(X,H)|ro f =7},
and similarly for 7y : Xy — B.

5.1. Expansion of the scalar curvature. In this subsection, we derive an expansion of the
scalar curvature Scal(wg, Js), in powers of s and inverse powers of k, from which we deduce the
optimal symplectic connection equation (3.9). Recall from [6, §4.1] that

Scal(wg, J5) = Scaly(wx, Js) + k™' (Scal(wp) + Ay (Aw, (Wx)n) + Awppr) + O (K72)
Clearly, the k="' term - denoted T},-: - depends on s, so we can write

Tp-1(wp,wx, Js) = Ti-1(wp,wx, Jo) + O(s).
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Proposition 5.4. By choosing s> = M\k=! for A > 0 and using the expansion (4.8) for the
vertical scalar curvature we obtain

~ A
Scal(wy, Js) = Sp + k71 <¢B +pe(Av(Au, (wx)n) + Auppn) + 51/(11) + 1/)R> +0 (k—3/2>
where:
(i) ¥p is a function on the base given by

vn = Scal(wn) + [ (Aupou) R
X/B

(ii) Yvr € C(R).
Proof. For the first item, in [6, §4.1] based on [16, Lemma 2.3] it is shown that

/ (AwB p’H)w;’(} = _AWB aWwWPp,
X/B

where awp is the Weil-Petersson metric defined in (5.1). Moreover, the k~!-term depends only on
Jo because the O(s)-part ends up in O (k‘S/ 2). Its expression is obtained following [6, §4.2]. O

Thus the optimal symplectic connection equation implies that the C°°(FE)-part of the k-
term of the expansion of the scalar curvature vanishes. Note that S is a topological constant
independent of b, since all the fibres are diffeomorphic.

5.2. Linearisation of the fibrewise map v. We restrict our attention to a single fibre, so we
consider a manifold (M,w), where Jy is a cscK complex structure and v € H' is a deformation
of Jy. We wish to linearise the map v defined in Definition 2.9.

Let g € kerg(D§Dy). Then %V-‘J pg is a real holomorphic vector field, where g is the Rie-
mannian metric induced by w and Jy. Let p(t) be the flow of the vector field

Y, = Vg = —Jograd”¢g.
We wish to study how v(v) changes when changing w to p(t)*w, so we must compute
Otle=ovi(ve) = Ople=ove(v) + dpv(O4|t=0vt). (5.3)

In this expression, v is the moment map for the action of K€ defined in Definition 2.9 computed
with respect to the Kéhler form p(¢)*w, and v; = p(t)*v.

Remark that p(t) is a 1-parameter group of diffeomorphisms in K€ because it is the flow of a
holomorphic vector field that admits a holomorphy potential. B

As in Section 2.3, let @ : V — _# be the Kuranishi map (2.9) which maps 0 to Jy, and H' the
deformation space, which we identify with the tangent space TpV. The map ® is K-equivariant,
hence locally KC-equivariant. In particular

D (p(t)'z) = p(t) P(z) forz € V.

Hence the pair (w, p(t)*x) corresponds via ® to a compatible pair (w, p(t)*®(z)) and this also
holds for our v € H', which is itself an element of V. We have that

Bulmop(t)*v = (LYVJEV) i

where v is a vector field on V such that v|p = v. By abuse of notation, we will often denote this
derivative by Ly, wv.

; (5.4)

Lemma 5.5. Forve H', v,(v) = v(v;).
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Proof. Again, this follows from equivariance. Consider again the moment map p(z) = S(w, ®(x))
and denote by u; the map
we:V— €

= S(w, p(t)"®(x)).
Because ® and i, are (locally) KC-invariant, and in light of the above computation, we obtain
S(w, p(t)*®(z)) = S(w, ®(p(t)"x)) = p(p(t) x) = p(t)" p(x).
Now let v € ToV = H'. Then

v(v) +0(s%) | .

82
pls0) = p(0° o) = (0" | 5 55

5=0
But also
5?2 d 3
pe(sv) = 5 G - vi(v) + O(s7).
Thus v¢(v) = p(t)*v(v) = v(p(t)*v), as claimed. O

Using this lemma and equation (5.4), the derivative (5.3) becomes

Otle=ovi(ve) = 2 dyv (/Jwav) .

Thus using the definition of moment map we can compute the linearisation of the map v as
follows. Letting ¢ € ¢,

dy (v, )Ly, v) = Qo (,cy%, v, Eva) ,

where X, = grad®. Recall the linearised infinitesimal action induced by ¢ € € defined in (2.10),
and denoted A,. We showed in (2.11) that

va = — (EXwV) ‘0.
Thus using the definition of ),

do (v, ¥) (cy% v) - /M<J0d0¢> (ﬁwaU) (do® (Lx,v))e ™
_ /M (Ao® (£x,,v) do® (Lx,0)) ™ (5.5)

N / (do® (Appv),do® (Ayv))e w™,
M

where (-, ), is the inner product induced by the Riemannian metric g(w, Jy).

5.3. Linearisation of the optimal symplectic connection equation. Let us now return to
the fibration setting. Letting ¢,1¢ € C°°(E), by applying (5.5) and the fact that the map v,
defined in 4.10 is defined fibrewise, we obtain

(dovn(Ly,v),¢) = /X<d0<I> (Apv),do® (Aypv))wrwip Awp. (5.6)

Here, the map A, acts vertically, because it is induced by the infinitesimal action of the group
of holomorphic isometries of every fibre. By using equation (5.6), we obtain the following result.

Lemma 5.6. Let L be the linearisation of the equation (3.9) at a solution, composed with the
projection pg. Then

(L)) = /X (R0, R saop W A T+ A /X (do® (Apv) , do® (Ayv))wp A,
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where R is the operator (3.4), which gives the linearisation of the optimal symplectic connection
equation at a solution.

From this expression it follows that L is self adjoint.

We now study the kernel of L. Since v is fixed in our setting, we can define the maps
A:C>®(E) — H), and  A:C™(E) =T 7x 5.7
Y Ay P do® (Ayv). '

Lemma 5.7. A function v € C*°(E) is in the kernel of A if and only if ¥ is a fibrewise
holomorphy potential with respect to all Jg, i.e. ¥ € C®(E, Js).

Proof. Let ¢ € kerA and take zs € V is such that 2o = 0 and ©¢ = v. Then

d
0=Ay(v) = | dola = exp(te) - )(v)
t=0

d

= & o & - eXP(“M *Ls
d d *

— . 5,4,

= P () s
ds 5=0 dt t:O( )
d

=% . Le,Jz,,

where by p®¥ (t) we denote the flow of the vertical vector field &y = grad“T e, and all the equalities
hold fibrewise since the Hamiltonian action we consider is a fibrewise action. So L¢,J,, is
fibrewise constant, i.e.

(‘Cf'df‘]335)v = (wa JO)V =0
for all s. This can be rephrased as

as,VfdJ =0

for all s, where 5571; is the vertical O-operator computed with respect to J,. Notice that &y is a
real vector field which corresponds (under the isomorphism between real vector fields and (1,0)
vector fields) to JsVi:% , where V19 denotes the vertical vector field which on each fibre is
the Riemannian gradient with respect to the fibrewise metric induced by (wg, Js). Since J is
integrable,

(ex7)y = (Lomgets), = (Florgats), =0

so 1 is a fibrewise holomorphic potential for Js. (]

Proposition 5.8. The kernel ofE s given by
kerl = {zp € C®(E) | 9,V %4) = 0 vs},

i.e. the functions in the kernel are those fibrewise Jy-holomorphy potentials which are global
holomorphy potentials with respect to all J.

Proof. Since ® is an embedding, do® is injective, so for ¢p € C®(E), ¢ € kerL if and only if
1 € kerR and 9 € kerA.
As seen in Section 3.2, the kernel of R consists of fibrewise holomorphy potentials which are

also global holomorphy potentials. Thus ¢ € C°°(FE) lies in kerL if and only if
05V =0 and 8,yV 1 =0,
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as shown in Lemma 5.7. From these two conditions, and in light of Lemma 4.2, which implies
that 0 does not depend on s, we have

Dsgrad“Fop = 5S,VgradwF1/J + Opgrad“F e = 0,
as claimed. |
Remark 5.9. In [9, §4.1] it is explained that the kernel of the operator R is given by the Lie

algebra of the group Aut(7) of automorphisms of the projection, described in Definition 5.3. In
our case, the kernel of the linearisation £ is the intersection

ker £ = Lie(Aut(m,)) N Lie(Aut(r)),

where we denote by m : X — B the central fibration and we view {Js} as a family of complex
structures on the same underlying smooth manifolds, compatible with the projection and with
wx (see the end of Section 4.1).

We wish to see that L is elliptic as a differential operator on the global sections of £ — B.
Let us split A in (5.7) as the composition of the two operators

Ay C®(E) > T(V)

p > grad“To
and
Ag : F(V) — TJO /ﬂ
Y — —(,Cy'v).
To give a local expression, let {w!, ..., w™} be holomorphic coordinates on the fibres, {z1,..., 2"}
be holomorphic coordinates on the base. We index the vertical coordinates with the letters
a,b,c,... and the horizontal coordinates with the letters 4,4, k,..., as in Section 4. We write

w® = 2% 4 i2™+ for the associated system of real coordinates on the fibres and 2/ = y7 + iy +J
for the associated system of real coordinates on the base. Locally in the smooth coordinates
{z% y'} we have the following expression:

(A2(Y))% = — (Lyv), = YO —v°.0Y  +v50.Y"
(A2(Y))% = (A2(Y)%(wr) (wx)gj
where the second expression follows from Lemma 4.1. Thus when ¢ € C®(E) and Y = w$¢9,(0q,
(A())% = —0%0 (WF'Bap) + v 0(wi'Dap) + Ti(p)
(A(9)% = —v%0 (W 0ap) (wr) P (Wx )ej + v50c(wWiDa) (wr) P (wWx )ej + T1(9),

where T} (¢) and T} (p) are terms involving first order vertical derivatives of . Thus we see that
A is a second-order differential operator, and all the derivatives of ¢ involved are vertical.
The adjoint of A; is given by
AT(Y) = div(JpY).

Indeed, we can compute the divergence with respect to any Kéahler metric g whose Kéhler form
restricts vertically to wg, and the result depends only on the vertical part:

(A1p,Y) 2 = / Gac WE D Y dVoly = / ~igacg® (Vi) Y dVol,
X X

= / —i(Vep) Y dVol, :/ 0 V(1Y) dVoly = (p, ATY ) 2.
X X

To compute the adjoint of Ay we make use of the following lemma.
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Lemma 5.10. Let Q € ﬁ\l, and let gr be the vertical Riemannian metric induced by (wg, Jo).
Then

9r(Lyv,Q) = gr(Q, Vu(Y)) + gr(vQ — Qu, VY).

The proof of the lemma is obtained by computing the different quantities in smooth coordinates
33, §4.2).
In light of the lemma, the adjoint to As can be formally written as

A3(Q) = =(Vo)'Q — V¥ ([v, Q).
If @ = A(yp), the first term is of order 3. So we have:
A*A(p) = —div (JoV(v(Lx, v)v — (Lx,v)yv)) + lower order terms.

From this expression, we see that all the quantities involved are vertical. This means that, as an
operator on the global sections of the vector bundle E, the operator

A" A C%(E) — CF(E)

is of order 0. Indeed, let us denote by r the rank of F and consider a local frame hq,..., h, of
E. Then we can write a local section h =), fih;, with f; € C°°(B). Then

AP AR) = 3 fi A" Ahy).

Thus, as an operator on the global sections C*°(F), the operator L is elliptic, since R*R is from
[6, §4] and A*A is of lower order. We have established the following;:

Theorem 5.11. Let L be the linearisation of the optimal symplectic connection equation (3.9).
Then L is an elliptic operator of order two on the global sections of E which is self-adjoint and
whose kernel consists of fibrewise Jy-holomorphy potentials which are also global Js-holomorphy
potentials for all s.

5.4. Approximate solutions in the case of discrete automorphism group. Let (X, H) —
B x S a family of submersions with central fibre the fibration (X, H) — (B, L) as before. In this
section we construct approximate constant scalar curvature Kéhler metrics on the total space of
s 1 (Xs, Hs)— (B, L), where (Xs, Hs) is a deformation of a fibration 7 : (X, H) — (B, L) whose
fibres are cscK and where we assume that (X, Hs) admits an optimal symplectic connection.
We do so by using an adiabatic limit, such as in [14, 6].

We make the following assumptions:

(i) The base form wp € ¢1(L) is twisted cscK with respect to the pull-back via the moduli
map q of the Weil-Petersson metric, as in Definition 5.1;

(ii) The group Aut(q) defined in Definition 5.2 is discrete. As recalled in the discussion
following Definition 5.2, this implies that the linearisation at a solution of the twisted
cscK equation on the base is invertible;

(iii) Aut(Xs, Hs) is discrete. Thanks to Proposition 5.8, this guarantees that the operator L
is invertible and also that the global Lichnerowicz operator on X5 with respect to wy is
invertible.

Let k> 0 be such that
wE = wx + kwp
is a Kéhler metric on X, and let s2 = Ak~! for X > 0.
Theorem 5.12. With the assumptions listed above, let wx be an optimal symplectic connection

for the family X — B x S. Then for all k > 0 there exists a constant scalar curvature Kdhler
metric on Xs for s # 0, in the class [wx] + k[wp].
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In the proof of Theorem 5.12, we will relate s and k as above, namely s> = M\k~', so we
will sometimes denote also the corresponding complex structure by Jg. Since all the J; are
isomorphic, Theorem 5.12 still gives the existence of a cscK metric in each adiabatic class for all
Js. The adiabatic limit technique consists in constructing inductively approximated solutions,
which have constant scalar curvature up to a certain order in k~!/2, then using the implicit
function theorem to perturb an approximate solution to a genuine solution. The following result
establishes the approximate solution.

Proposition 5.13. With the assumptions listed above, for all k > 0 and for each r there exist
functions

fB2:---, fBr € C(B) fB2,..., fer € C®(E) fr2:--., frr € C(R)

and constants

A

such that the Kdahler potentials

B _\~ B E N\~ _JB; R _ N\~ IR

hie.r = L fi—2 P = Zk(ﬂ 1)/2 hie.r = L [ej/2

Jj=2 Jj=2 Jj=2
satisfy
.09 B r—1)/2
Scal (wi + 100 (B2, + hE, + hiE,) ,J Sb+zm+0(( 7).

Proof. With the hypotheses of wx being an optimal symplectic connection and wp being a
twisted cscK metric on the base, we have

Scal(wy) = Sy + k1 (cg +¥p1) + O (k‘3/2) : (5.8)

where ¢ 1 € C°°(R). In order to make the k~!-term constant we add a potential k=1 f € C*°(R)
to wg. Then

Seal(ws + k1i00f) = 5+ K (e -+ s — DyDys) + 0 (k75/2).

where the linearisation of the scalar curvature to order 0 in k coincides with (minus) the Lich-
nerowicz operator with respect to the complex structure Jy, since the scalar curvature is constant
in order 0, and the higher order terms fall into O (k_3/ 2). Since Dy, Dy is a fibrewise elliptic
differential operator and C*°(R) is orthogonal to its kernel, we can find a solution frq of

Yr1 — DyDy f = constant. (5.9)
Summing up, we have proved step r = 2 of Proposition 5.13, with fp 2 =0 = fg 2. We define
Wk2 = Wi + k_liﬁéfR,g

such that R R
Scal(wi2) = Sy + k7155 + O (k—3/2) .

To proceed with the approximate solutions, we need the linearisation of the scalar curvature at
a metric (wg r, Ji)-

Lemma 5.14. The linearisation of the scalar curvature of wy , satisfies
Lip = =DyDy+ k' D+ k™2Dy 0 + k2Dy + 0 (K7/2)

where
(1) DDy is the vertical Lichnerowicz operator with respect to the complex structure Jy;

(2) If f € C(B), Djt1/2(f) =0 for j;
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(3) If f € C>*(B), D1(f) =0 and
DZ(f)wgg A wg = 7£a(f)a
X/B
where L, is the linearisation of the twisted cscK equation on the base, with twisting the

Weil-Petersson form awp, at a solution, defined in (5.2).

(4) If f € C*(E), then
pE o Di(f) = —pp o L(f).

Proof of the Lemma. Let us distinguish the parameter s of the deformation of the complex struc-
ture from the parameter k of the polarisation. Consider the case n = 0, so that we compute the
scalar curvature of the metric (wy, Js). Then

Ly, = Lo+ O(s), (5.10)

where Ly o is the linearisation of the scalar curvature of (wg,Jo). In [6, Proposition 4.11] it is
proven that

Lyo=—-D}yDy+k™'D| +k2Dy+ 0O (k7?),
from which we see that the term of order zero is indeed the vertical Jy-Lichnerowicz operator.
This proves claim (1). By imposing the relation s> = Ak~1/2 we see that the O(s)-term in (5.10)
admits an expansion in powers of k~1/2:
KDY + k3/DY 4+ k2D + 0 (k*f)/?) .

Claim (2) follows from the fact that the deformation of the complex structure is vertical, thus
all the terms involved in the expansion of the scalar curvature coming from the deformation do
not have a C°°(B)-component.

Claims (3) and (4) follow as in [6, Proposition 4.11]. O

The proof of Proposition 5.13 now goes by induction, using Lemma 5.14. We explain in detail
steps r = 3 and r = 4. We start from the expansion

Scal(wg,1) = §b + k*1§2 + k73/2(1/)E,3/2 + ¢R73/2) + O (kfz) .

We add a potential k~'/2fg to wy 9. Thus we have
Scal (wp,1 + k1200 5) = Sy + k7 82 + k=22 (Up g + Da(f) + ) +0 (72).

Using Lemma 5.14, our hypothesis on the automorphism group of (X5, H) and the fact that the
linearisation £ of the optimal symplectic connection equation at a solution is elliptic, as proved
in Theorem 5.11, we can find a smooth fg 3 such that

Yp2/3 +pE o Di(fE,3) = constant.

This makes the C(E)-term constant to order k~3/2. We next add a potential k=3/2 fp € C°(R)
and we obtain

Scal (w2 4 100 (k_1/2fE,3 + k_?’/sz)) =S+ k15, +

+ B2 (epap + Ve — DyDufr) + O (K72).

Once again, using the fibrewise ellipticity of Dj,Dy and the fact that C*°(R) is orthogonal to its
kernel, we obtain a solution fg 3 of the equation

Vr,3/2 — DyDy fr = constant.
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Thus we have constructed a Kéhler metric on X, constant up to order k=3/2:
Wg,3 = Wg,2 + 235 (kil/QfE’g + k73/2f373) .

As for the step r = 4, we explain how to deal with the C°°(B)-term. We add a potential f5 to
wp,3, which amounts to adding a potential k~'fp to wp. Since the scalar curvature of the base
affects the order k~!-term and not the order zero term, the combined effect on the linearisation
is of order k~2. This allows us to write

Scal(wy, 3 + i00f5) = Sy + k185 + k32 S5+
+ k72 (Ypa— Do(fB) + ¥E2 +¥pra) + O (k75/2> .

Thanks to Lemma 5.14 and to our hypothesis on the automorphism group of the moduli map,

Yp2— pp o Da(fB) = constant

admits a solution, which we denote fp 2. This makes the C°°(B)-term constant to order k2.
The corrections to the C°°(E)-term and to the C*°(R)-term now work exactly as in the case
r=3. d

Notice that the order is important: one can make the C*°(E)-term constant without affecting
the C*°(B)-term, but it cannot work the other way around, and similarly for the C*°(R)-term.

Remark 5.15. The very first step of the approximate solution procedure, which is given by
the expansion (5.8), uses the fact that in Proposition 4.9 we have modified the Kuranishi map
in order to meet the requirement that Scaly(wx,®(z)) is a section of E, for x € V. This
modification simplifies the exposition and is closer to Székelyhidi’s deformation theory [35, §3],
but it is not essential. Indeed, if we did not deform the Kuranishi map, we could write the vertical
scalar curvature as the sum of the projection onto C*°(FE) and the projection onto C*°(R). The
C°(E)-part is the map p, defined in Definition 4.10, while the C°°(R)-part introduces a term
of order k~1/2 in the expansion (5.8), which then becomes

Scal(wy) = Sp + k2 Yo+ k™' (e +vr1) + O (K72).

We can get rid of this term by adding a potential kfl/ziaéga&o to wg, as in equation (5.9).

Indeed, the linearisation given by Lemma 5.14 of the scalar curvature acquires an extra term
k'/2D; /5, which is non-zero only on C*°(R), so it does not affect the C>(E) and C*°(B) parts
in the k~!-term.

5.5. Approximate solutions in the presence of automorphisms. In this section, we allow
the base and the total space to have automorphisms. As before let 7 : (X, H) — (B, L) x S be
a degeneration of the fibration 7y : (Y,Hy) — B to 7 : (X,H) — B. Let wx € ¢1(H) be a
relatively cscK metric on X; since Y is a small deformation of X, ¢1(H) = ¢1(Hy ), so we can
assume that wx is relatively Ké&hler on Y (as explained in the end of Section 4.1).

Recall from Definition 3.4 that wx is an extremal symplectic connection on Y if

Z(}?E(G(wx Jo)) + ;\V> =0,

so that the function \
hi = pp(©(wx, o)) + 5Y
is a holomorphy potential for the complex structure of Y.

We make the following hypotheses concerning the groups of automorphisms Aut(my) and
Aut(q) defined in Definitions 5.3 and 5.2:
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(i) There is an action of Aut(my) on (X, H) which is equivariant with respect to the pro-
jection onto S, meaning that it acts on each X, as a subgroup of automorphisms of
(Xs,Hs). Since the action extends to the central fibration, this assumption allows us
to view Aut(my) as a subgroup of Aut(w). In particular, recall from Remark 5.9 that
kerL = Lie(Aut(ry)) N Lie(Aut(7)). With this assumption, we obtain

kerl = Lie(Aut(my)),
and hy is a holomorphy potential also on X.
(ii) All automorphisms of the moduli map ¢ lift to (Y, Hy).

The first hypothesis is motivated by the analogous definition of test configurations which are
equivariant with respect to the automorphisms of the fibres, which are used to test K-polystability
of polarised manifolds.

As a Kéahler metric on the base, we require that B admits a twisted extremal metric, with
twisting form the Weil-Petersson form awp (5.1), i.e.

Scal(wp) — Apyawp = by € kerDp,
where Dp is the Lichnerowicz operator on the base.
Theorem 5.16. With the assumptions listed above, let wx be an extremal symplectic connection

for the family X — B x S. Then for all k > 0 there exists an extremal Kdhler metric on Xy for
s # 0, in the class wx] + klwg].

Remark 5.17. Let g be a lift of an automorphism of ¢ to (Y, Hy). We claim that g lies in
Aut(X, H). Indeed, denoting by J the complex structure of ¥ and Jy the complex structure of
X, we have

dgoJ=Jog.
But since ¢ is an automorphism in the base direction, it is equivalent to say that
dgo Jy = Ju oy,

where Jy is the horizontal part of J. Now, Jy = (Jy)#, since the deformation of the complex
structure which we are considering is only in the vertical direction. Thus g is a lift of an
automorphism of B to X as well.

Definition 5.18. We denote the group of automorphisms of (Y, Hy) which are also automor-
phisms of (X, H) as Aut(Y/X, Hy).

In light of this definition we have the inclusion Aut(ry) C Aut(Y/X, Hy) and, if Ku\t(q) is
a lift of Aut(g) to (Y), then Aut(q) € Aut(Y/X, Hy). Thus we can recover the following result
from [6, Proposition 3.14].

Lemma 5.19. Suppose that all automorphisms of q lift to Y. Then there is a short exact
sequence
0 — Lie(Aut(my)) — Lie(Aut(Y, Hy)) — Lie(Aut(q)) — 0.

Remark 5.20. Let us denote by &g the holomorphic vector field on Y which arises from the
extremal symplectic connection condition:

&g = JVy (PE(G(WL Jo)) + ;V> ;

and &, the holomorphic vector field on B which arises from the twisted extremal condition:

fq = JBVB(Scal(wB) — waawp).
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By our assumptions, {g is a holomorphy potential on X, and &, lifts to a holomorphic vector
field {, on Y (and on X). Nonetheless, the holomorphy potential of £, on Y with respect to wy

~

is a function b; such that

by = kr*by 4 O(1).
Again from Remark 5.17, 31 is holomorphic potential for a lift of &, also on X. As in [0], we
need to assume the following invariance properties: wy is invariant under the flow of £r and
of Eq. More precisely, we consider a maximal torus T in Aut(my) which contains the flow of
&r, and a maximal torus T, in Aut(B, L) which contains the flow of £,. The pull back ﬁ lies

in Aut(Y/X, Hy). Then we fix a maximal torus T in Aut(Y, Hy) which contains Tg and 1/“;,
and we require that wx is invariant with respect to T'. From Lemma 5.19, we obtain a splitting

—

Lie(T) = Lie(Tg) + Lie(Ty), so indeed we have T' C Aut(Y/X, Hy ) as well.
Moreover, an analogous splitting holds also for the complexification TC, so we can write every
vector field ¢ € Lie(TC) as &g + &q- We call a horizontal holomorphy potential a holomorphy

potential for £ on Y with respect to wy. Thus the leading order in % of a horizontal holomorphy
potential is the pull-back of a holomorphy potential on the base for ;.

Define the extremal symplectic connection operator
P:C®(Y,R) x C*(FE) = C*(Y,R)
by

AR A 1
Plp,h1) =pE (@(wx + 100, Js)) + SV~ hi — §<Vh1, VYup-
The linearisation at (h1,0) applied to (hi, ) is obtained, as for the extremal operator described

in (2.1), as follows:
~ 1
E() b1 — 3 (Vhn, Vi

where L is the real operator of the linearisation of the optimal symplectic connection equation
described in Lemma 5.6 and the map sending ¢ to (Vhy, V), is linear. We can write

(Vhs, Vo) = 3VIa0) + 3T Vha (),

so if we assume that ¢ is invariant under the torus 7', the second term vanishes and linearisation
is a real operator.

With all of these assumptions in place, we can obtain approximate solutions to the extremal
equation much as in Section 5.4.

Proposition 5.21. Let (X,H) — B xS be a degeneration of a smooth fibration my : (Y, Hy) —
B to a smooth relatively cscK fibration 7 : (X, H) — B, equivariant with respect to Aut(my).
Let wx be an extremal symplectic connection on Xy, invariant under the torus T described in
Remark 5.20. Let wp a twisted extremal metric on the base, and assume that all automorphisms
of q lift to' Y. Then for each r > 1 there exist functions

fB,Qa"'7fB,T€COO(B>Ta fE,Qa"'7fE,T€COO(E)T7 fR,Qa"'7fR,TeCOO(R)T7
horizontal holomorphy potentials
bi,...,b, € C=(B)7,

fibre holomorphy potentials
hi,..., h. € C®(E)T
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and a constant ¢ such that, letting

B _ N\~ JB E _\~_ JB; R _ N\~ IR
hk,r - 222 kj_gﬂ hk,r - Z k(jfl)/Qv hk,r - 2; k’j/2
Jj= =

Jj=2

and .
Ne,r = c+ Z (bjk'(_j_l)/z + hjk’_j/Q) s

j=1
the Kdhler metric -
We,r = wi + 100 (hig . + hig . + hity)

satisfies
1
Scal Wi,y Jk) = Mhr + 5 (Vilkrs V (B + By + Bl ) b + O (;ﬁun/z) .

5.6. Solution to the non-linear equation. In order to have genuine solutions, we perturb wy, ,
to a genuine extremal metric by using a quantitative version of the implicit function theorem, as
in [14, 2, 7, 6]. In particular, all the cited works rely on Fine’s paper [14], though the difference
with Fine’s setting is that we are considering the base and the total space to have automorphisms,
so the linearised operators will have a non-trivial kernel to deal with.

Theorem 5.22. [2, Theorem 29] Let F' : By — By be a differentiable map of Banach spaces
such that DoF is surjective with right-inverse P. Let

(i) 6" > 0 be such that the non-linear operator (F — DoF) is Lipschitz in Bs/ (0) with constant

ﬁ’ i.e. for x1,29 € Bs/(0) C By, we have

|(F' = DoF) (21) — (F — DoF)(x2)l| g, 21 — 22| 5,5

1
S -
2[|P|
.. _ S5
(%) 0 = 3Py -
Then for all y € By such that ||y — F(0)|| < §, there exists x € By such that F(z) =y.

To apply the theorem to the extremal operator, one should bound both the right inverse of
the linearisation and the non-linear operator. Denote by L%’p the Sobolev spaces of functions on
Y computed with respect to wy . These spaces contain the same functions for different values
of k, since the Sobolev norms are equivalent for different values of k, although the constants of
equivalence depend on k [2, Remark 30].

Let t be the Lie algebra of T', where T is the torus of automorphisms described in Remark
5.20. Let t be the set of holomorphy potentials whose flow lies in 7. We denote by (Lap)T the
space of T-invariant functions in L .

For each k,r denote by 7., the Kéhler potential defined in Proposition 5.21, such that the

approximately extremal metric wy, , is given by wy + iagww. For each k,r we define the map
Tt t = C°(X,R)

1
5 = kﬂ;’hB + hq + §<v7k,r’ V(k’ﬂ';hlg + hq)>wk7

where hp and hy are the holomorphy potentials defined in Remark 5.20. The map 7y, associates
to a T-invariant holomorphic vector field the correspondent holomorphy potential with respect
to wg,r-

We apply the theorem to the operators

Frp: (Lgpra)” x T (L5 ,)7

am 1 1
Fy.r(p, h) = Scal(wg,» +i100¢p) — §<V77k,ra V) = Meyr — §<V(Tk’r(h))7 V) = 7 (h),
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where 7y, is the Kahler potential which makes wy, , approximately extremal. The linearisation
of F}, , is the operator

G (L ppa)” x = (L2)T
1
(4107 h‘) = _DZ,TD(SO) + §<v(scal(wk,r) - Tk,r(h))a V<ﬂ> - Tk,r(h)~

The proof requires two steps: the first one is to ensure that the linearisation is an isomorphism
with bounded inverse Py ,. Theorem 5.22 then gives 0y such that if | Fj . (0)|| < 0k, a zero of F}, ,
exists. Since we want to find a zero for all k, the second step is to find a value of r for which the
norm || F (0)|| converges to zero quicker than dx. The first step is contained in the following
lemma [7, Lemma 6.6], based on [14, Lemmas 6.5,6.6,6.7].

Lemma 5.23. There exists a constant C' independent of k such that Gy, has a right inverse
Py, » such that

| P || < CEP/2.

The second step relies on the following result [7, Lemma 6.6], which is a consequence of the
mean value theorem.

Lemma 5.24. Let Nk,r = Fir — doFp, be the nonlinear part of the extremal operator. Then
there are constant c,C' such that for all v sufficiently large, if f; € (L127+4)T x t fori = 1,2 satisfy
[ fill < c, then

Hkan(fl)‘*kan(fé)HLg < C7(Hf1HL2 (i) T 1 f2llz2 (wkm))|Lf147jé”Li+dwkw)

p+4 p+4

By applying the implicit function Theorem 5.22, we can now complete the proof of Theorem
5.16 as follows. Lemma 5.24 implies that N, is Lipschitz on any ball of radius p sufficiently
small, with Lipschitz constant pC. Thus the radius ¢’ on which N}, is Lipschitz with constant
(2| P||x.»)~" is bounded below by some multiple of k~°/2. Hence § = §'(2||P||)~! is bounded
below by a multiple of k~°. In order to apply the implicit function theorem, it remains to
bound Fy ,.(0,0). The point-wise bound Fy, = O(k(~"=1Y/2) is provided by Proposition 5.21.

Results of Fine [14, Lemma 5.6, 5.7] can be applied directly to our situation in order to have
1

a L2(wg,)-bound on Fy,.(0) of order k°~2, when 7 > 5. Thus the hypotheses of the implicit
function theorem are satisfied and ||F} ,(0)|| converges to zero quicker than Jg.
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